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We study the odd-wave interacting identical fermions in one-dimension with finite effective range.
We show that to fully describe the high-momentum distribution ρ(k) up to k−4, one needs four pa-
rameters characterizing the properties when two particles contact with each other. Two parameters
are related to the variation of energy with respect to the odd-wave scattering length and the effective
range, respectively, determining the k−2 tail and part of k−4 tail in ρ(k). The other two parameters
are related to the center-of-mass motion of the system, respectively determining the k−3 tail and
the other part of k−4 tail. We point out that the unusual k−3 tail, which has not been discovered
before in atomic systems, is an intrinsic component to complete the general form of ρ(k) and also
realistically detectable under certain experimental conditions. Various other universal relations are
also derived in terms of those contact parameters, and finally the results are confirmed through the
exact solution of a two-body problem.
I. INTRODUCTION
Ultracold atoms exhibit universal properties in the
strong coupling regime, where the system can be fully
described by a few physical parameters and irrelevant
to the short-range details of interaction potentials. In
this regime, any perturbative approach fails to work,
while a set of rigorous universal relations can be es-
tablished to describe various microscopic and thermody-
namic properties. These relations are connected by a key
quantity called the contact, as first derived for a three-
dimensional (3D) spin-1/2 Fermi gas near the s-wave Fes-
hbach resonance[1–3] and verified in experiments[4–6].
Later on the universal relations were generalized to other
atomic systems, such as bosons[7], in low-dimension[8–
11], with higher partial-wave scatterings[12–16] and with
multiple scattering channels[17–19]. Very recently the
contacts and universal properties of a 3D spin-polarized
Fermi gas have been successfully explored near the p-
wave Feshbach resonance[20].
Among all the universal relations, the high-momentum
distribution ρ(k → ∞) describes the microscopic prop-
erty of the system and can be most easily detected in
experiments by the time-of-flight technique. In general,
the leading order of ρ(k) in large k limit is determined
by the scattering channel of the system. For instance,
the s-wave scattering gives rise to the leading k−4 tail[1–
3, 8–11] while the p-wave gives the k−2 tail[12–15], re-
gardless of the dimension of the system. The sub-leading
order, however, can be related to a number of effects,
such as the effective range[2, 13, 14, 21], the center-of-
mass motion[13, 22], etc. For instance, it has been found
that these effects can contribute to the subheading k−6
tail in s-wave[21, 22] and k−4 in p-wave[13, 14]. Never-
theless, the odd powers of k−1 have been exclusive in all
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previous studies, except the k−5 tail found to be induced
by Efimov physics[7].
In this work, we study the high-momentum distribu-
tion and universal relations of the odd-wave interacting
Fermi gases in one-dimension. Our previous work based
on the single-channel contact model has shown the in-
teraction renormalization of this system and the leading
high-momentum tail as ρ(k) ∼ C/k2[15]. In this work,
we extend our previous study to further include the finite
range effect through a two-channel model. We show that
this treatment allows us to expand ρ(k) as:
ρ(k) =
Cl
k2
+
CQ1
k3
+
2Cr + (3/4)CQ2
k4
+ o(k−5). (1)
Therefore, to fully characterize the asymptotic behavior
of ρ(k) up to k−4, one needs four parameters character-
izing the properties when two particles contact with each
other. Two parameters (Cl, Cr) are related to the vari-
ation of energy with respect to the odd-wave scattering
length and the effective range, respectively, determining
the k−2 tail and part of k−4 tail in ρ(k). The other two
parameters (CQ1, CQ2) are related to the center-of-mass
motion of the system, respectively determining the k−3
tail and the other part of k−4 tail. We point out that the
unusual k−3 tail, which has not been discovered before
in any atomic system, is an intrinsic component to com-
plete the general form of ρ(k). Its coefficient, CQ1, can
be related to the mean velocity of closed-channel dimers,
and can be detected under certain realistic situations.
We further derive various universal relations in terms of
the contact parameters, and confirm our results through
the solution of a two-body problem. This work paves
the way for studying the strongly odd-wave interacting
Fermi gases in realistic quasi-1D geometry with finite ef-
fective range, and the results obtained also shed light on
the general behavior of high-momentum distribution in
cold atomic systems as well as the universal properties
therein.
The rest of the paper is organized as follows. In sec-
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2tion II we construct the two-channel model for identical
fermions and establish the interaction renormalization.
We derive the high-momentum distribution in section III
and various other universal relations in section IV. These
results are confirmed in section V by exactly solving a
two-body problem. The last section VI is contributed to
the discussion and summary of our results.
II. TWO-CHANNEL MODEL AND
INTERACTION RENORMALIZATION
We start from the local Lagrangian (at coordinate R)
of the identical fermions in 1D with odd-wave interaction:
L = ψ†
(
i∂t +
∂2R
2m
)
ψ + d†
(
i∂t − ν0 + ∂
2
R
4m
)
d+
g
2
(
d†[(i∂Rψ)ψ − ψ(i∂Rψ] + h.c.
)
. (2)
Here ψ,ψ† (d, d†) are the field operators of atoms
(dimers) in terms of the time t and the coordinate x;
ν0 is the bare detuning of the dimer; g is the bare cou-
pling between atoms and dimers. Accordingly, one can
write down the many-body Hamiltonian as:
H =
∑
k
k2
2m
ψ†kψk +
∑
Q
(ν0 +
Q2
4m
)d†QdQ +
g√
L
∑
Q,k
(
kd†QψQ/2+kψQ/2−k + h.c.
)
, (3)
with L the length of the system.
FIG. 1. (Color online). Diagrams for calculating the T-matrix
(red solid circle). Here we consider the effective scattering
between two atoms with incident momenta (Q/2+k,Q/2−k)
and outgoing momenta (Q/2 + k′, Q/2 − k′). The blue solid
circle denotes the atom-dimer coupling vertex. The horizontal
double lines represent the bare dimer propagator D0, and the
bold ones denote the renormalized dimer propagator D.
Given the two-channel model, we first study the effec-
tive scattering between two atoms. Fig.1 shows the dia-
grams for two fermions scattering with total momentum
Q and total energy E = Q2/(4m) + k2/m (the relative
momenta of the incident and outgoing two-fermion are
respectively k and k′). The T-matrix can be obtained by
summing up all relevant diagrams in Fig.1 (See Appendix
A for more details on Feynman rules):
− iT (E,Q)
kk′
= D0
(−2ig√
L
)2
+D20
(−2ig√
L
)4
Π + ...
≡ D
(−2ig√
L
)2
(4)
here D0 is the bare dimer propagator D0(E,Q) = i/(E−
Q2/(4m)− ν0), and Π is polarization bubble:
Π(E,Q) =
1
2
iL
2pi
∫
dq
q2
E −Q2/(4m)− q2/m+ i0+ (5)
Here the 12 factor in front of above equation is to avoid
the double counting of intermediate scattering states of
identical fermions. According to Eq.4, the bold dimer
propagator can be obtained via
D−1(E,Q) = D−10 (E,Q)−
(−2ig√
L
)2
Π(E,Q), (6)
and finally the T-matrix is expressed as:
k′k
T (E,Q)
=
mL
4
(
1
lo
+ rok
2 + ik
)
, (7)
where the odd-wave scattering length lo and the effective
range ro are related to the bare scattering parameters in
the two-channel model:
m
2lo
= − ν0
2g2
+
mΛ
pi
; (8)
ro =
1
m2g2
. (9)
Note that we have imposed a momentum cutoff Λ in
Eqs.(4,5) to obtain the expression of lo in Eq.8. To
compare with the interaction renormalization in single-
channel model[15], we see that the bare atom-atom cou-
pling U there is replaced by −2g2/ν0 in the present two-
channel model, while the renormalization term (∝ Λ) is
the same in both models. The main advantage of the
two-channel framework here is that it naturally produces
a finite effective range (Eq.9), to simulate the realistic
situation when reducing the 3D p-wave interaction of
identical fermions[23–26] to the effective 1D odd-wave
interaction by applying transverse confinements[27–30].
III. HIGH-MOMENTUM DISTRIBUTION
In this section, we derive the high-momentum distri-
bution for identical fermions based on the two-channel
model. Given the established interaction renormalization
in last section, we can apply the quantum field method
of operator-product-expansion(OPE)[31, 32], which has
been successfully applied to extracting universal relations
in various interacting atomic systems[2, 10, 15, 16].
We start from the expression of momentum distribu-
tion ρ(k):
ρ(k) =
∫
dR
∫
dxe−ikx〈Ψ†(R− x
2
)Ψ(R+
x
2
)〉. (10)
Since the large-k behavior of ρ(k) is essentially deter-
mined by the one-body density matrix 〈Ψ†(R− x2 )Ψ(R+
3x
2 )〉 at short distance x→ 0, we can utilize the OPE for
expansion:
Ψ†(R− x
2
)Ψ(R+
x
2
) =
∑
n
Cn(x)On(R). (11)
Here the local operator On(R) can be constructed by
quantum fields and their derivatives; the short-distance
coefficient Cn(x) can have non-analytic dependence on x,
giving the power law tail of ρ(k) according to Eq.(10). In
the following, we will extract a few leading non-analytical
terms in Cn(x) and identify their according local opera-
tors On(R).
As the OPE equation (11) is an operator equation,
Cn(x) can be determined by calculating the expectation
value of each operator in (11) in the simplest two-body
state |Q/2+q,Q/2−q〉. This state describes two colliding
fermions with momenta Q/2 + q and Q/2 − q and with
total energy E = Q2/(4m) + q2/m.
FIG. 2. (Color online). Diagrams for matrix elements of bi-local operator Ψ†(R − x
2
)Ψ(R + x
2
) between the two-particle
scattering states (See Appendix A for more details on Feynman rules).
FIG. 3. (Color online). Diagrams for matrix elements of one-atom local operators, such as Ψ†Ψ(R) and its derivatives, between
the two-particle scattering states (See Appendix A for more details on Feynman rules).
The left side of OPE equation (11) can produce four
types of diagrams, as shown by Fig.2(a-d). According
to the Feynman rules (see Appendix A), Fig.2(a) sim-
ply gives g(x) ≡ (ei(Q/2+q)x + ei(Q/2−q)x)/L; Fig.2(b)
and (c) both produce the same x-dependent g(x), with
an additional bare atomic propagator and a factor
q2(−2ig/√L)2D(E,Q)/2 from two atom-dimer scatter-
ing vertices and a bold dimer propagator; Fig.3(d), which
involves an integral over the momenta of internal lines,
gives:
q2
(−2ig√
L
)4
D2(E,Q)i3
∫
dpdp0
(2pi)2
p2eix(p+Q/2)
(p0 − (Q/2− p)2/(2m) + i0+)(E − p0 − (Q/2 + p)2/(2m) + i0+)2 = G(q;E,Q)f(x)
(12)
with
G(q;E,Q) =
4m2g2
L
q2
(−2ig√
L
)2
D2(E,Q); (13)
f(x) =
i(1 + i|q||x|)ei|q||x|
4|q| e
iQx/2. (14)
We see that above f -function include a series of terms
that are non-analytical at x→ 0:
− 1
2
|x| − iQ
4
x|x|+ (q
2
6
+
Q2
16
)|x|3 + o(|x|x3). (15)
As discussed before, these terms will determine the large-
k behavior of ρ(k).
Next we search for the local operators On(R) in the
right side of OPE (11) to match the elements of Ψ†(R−
x
2 )Ψ(R +
x
2 ) as produced by the diagrams in Fig.2(a-
4d). First, we note that Fig.2(a,b,c) all produce ana-
lytical function of x, thus one can simply find the local
operators by Taylor expanding these functions in terms
of x. Take the simplest function eikx for instance, as
eikx =
∑
n(ik)
nxn/n! (n = 0, 1, ...), so its corresponding
local operators (connecting an incoming and an outgo-
ing atomic line with the same momentum k) are simply
the one-body operators On(R) = ψ†(−→∂R)nψ(R)[33], and
the coefficients are Cn(x) = x
n/n!. Following that, one
can show that the diagrams in Fig.3(a,b,c) respectively
match the expansions in power of x of the correspond-
ing diagrams in Fig.2(a,b,c). The diagrams in Fig.3(d)
can match the analytical functions of x produced by the
diagrams in Fig.2(d). However, Fig.2(d) also produces
non-analytical terms as in the f-function in Eqs.(14,15),
which cannot be matched by any diagram in Fig.3(a-
d). These non-analytical terms must correspond to other
On(R) other than the one-atom local operators.
FIG. 4. (Color online). Diagrams for matrix elements of
dimer local operators, such as d†d(R) and its derivatives, be-
tween the two-particle scattering states.
In order to match the non-analytical terms produced
by Fig.2(d), we have to find the local operator On(R)
whose expectation value under |Q/2 + q,Q/2− q〉 is pro-
portional to G(q, E,Q). It turns out to be the dimer local
operator d†(R)d(R) or its derivatives, as shown in Fig.4.
These operators and their according matrix elements are:
〈Cl(R)〉 ≡ 4m2g2〈d†(R)d(R)〉 = G(q;E,Q); (16)
〈Cr(R)〉 ≡ 4m3g2〈d†(R)(i∂t + ∂
2
R
4m
)d(R)〉 = G(q;E,Q)q2;
(17)
〈CQ1(R)〉 ≡ 4m2g2〈d†(R)(−i∂R)d(R)〉 = G(q;E,Q)Q;(18)
〈CQ2(R)〉 ≡ 4m2g2〈d†(R)(−∂2R)d(R)〉 = G(q;E,Q)Q2.(19)
Thus we have the following terms in the right side of OPE
equation (11),
−|x|
2
〈Cl(R)〉− ix|x|
4
〈CQ1(R)〉+ |x|
3
6
〈Cr(R)〉+ |x|
3
16
〈CQ2(R)〉,
(20)
to match the left side of (11). In combination with Eq.
10, we obtain the large momentum distribution as Eq.(1),
where the four parameters are defined as
Cξ =
∫
dR〈Cξ(R)〉, (21)
here ξ denotes the subscript l, r,Q1 or Q2.
It is worth to point out that each Cξ, defined in
Eqs.(16-19) through the local operator of the dimer field,
describes a particular property when two particles con-
tact with each other. Specifically, Cl is referred to as the
contact density; CQ1 is the contact current[34]; Cr and
CQ2 are the combinations of contact density and mo-
mentum variance. Moreover, they can also be classified
straightforwardly if the relative and center-of-mass mo-
tions of interacting particles are fully decoupled: Cl and
Cr are only associated with relative motion, while CQ1
and CQ2 are also related to the center-of-mass motion.
This can be seen more clearly from the exact solution of
two-body problem as shown in section V. However, for
a general case when the relative and center-of-mass mo-
tions coupled with each other, all the four quantities Cξ
will be sensitively dependent on both of the two motions.
Following above procedures, we can further extend the
ρ(k) expansion to even higher orders of k−1. It can be
expected that all the odd powers of |x|, i.e., |x|2n−1, in
f-function will produce the k−2n tail in ρ(k), while the
x|x|(2n−1) terms in f-function will produce the k−(2n+1)
tail in ρ(k). These odd-power tails as k−(2n+1) have
not be found in the large momentum distribution of
atomic systems studied before, except the k−5 tail in
identical bosons due to a different mechanism of Efi-
mov physics[7]. Nevertheless, we show here that these
odd-power terms can be caused by particular types of
non-analyticity in the one-body density matrix at short
distance, thus should all be included to complete the gen-
eral form of ρ(k) in the large k limit. Possible detection
of these odd power terms in ρ(k) will be discussed later.
IV. UNIVERSAL RELATIONS
In this section, we derive various other universal rela-
tions for identical fermions.
(i) Adiabatic relation. Using the renormalization equa-
tions (8,9) and the Feynman-Hellman theorem, we can
obtain the first derivative of total energy, E, with respect
to the two scattering parameters:
∂E
∂(−1/lo) = 〈
∂H
∂ν0
〉 ∂ν0
∂(−1/lo)
= mg2
∫
dR〈d†(R)d(R)〉; (22)
∂E
∂ro
= 〈∂H
∂g
〉 ∂g
∂ro
+ 〈 ∂H
∂ν0
〉∂ν0
∂ro
= −m2g2
∫
dR〈d†(R)(i∂t + ∂
2
R
4m
)d(R)〉(23)
Note that in getting Eq.(23) we have used the equation of
motion for the dimer field. Further according to the def-
initions of Cξ in Eqs.(16,17,21), we obtain the adiabatic
relations
∂E
∂(−1/lo) =
Cl
4m
; (24)
∂E
∂ro
= − Cr
4m
. (25)
5(ii) Energy relation. By utilizing the equation of mo-
tion for dimer fields to simplify the total energy E = 〈H〉,
we can write the energy as:
E =
∫
dk
2pi
k2
2m
ρ(k)− ν0
g2
Cl
4m2
+
CQ2
16m3g2
+
Cr
2m3g2
(26)
Further using the renormalization equations (8,9), we ar-
rive at
E =
∫
dk
2pi
k2
2m
(
ρ(k)− Cl
k2
)
+
Cl
4mlo
+
ro
m
(
CQ2
16
+
Cr
2
)
.
(27)
One can see that except for CQ1, the other three param-
eters Cl, Cr, CQ2 all explicitly show in the expression of
E. In the zero range limit ro → 0, Eq.27 reproduces the
result obtained within a single-channel model[15]. Note
that in the presence of a trapping potential VT , an addi-
tional term, 〈VT 〉, should be added to Eq.27.
(iii) Virial theorem. With a harmonic trapping poten-
tial VT =
∑
imω
2x2i /2, the Virial theorem can be ob-
tained via dimensional analysis[1–3, 10], which requires
(ω∂/∂ω − lo/2∂/∂lo − ro/2∂/∂ro)E = E. Using the
Feynman-Hellman theorem together with the adiabatic
relations (24,25), we obtain
E = 2〈VT 〉 − C
8mlo
+ ro
Cr
8m
. (28)
(iv) Pressure relation. In a homogeneous system, the
pressure relation can be obtained by applying dimen-
sional analysis[1–3, 10] to the free energy density F =
F/L, which requires (T∂/∂T + n/2∂/∂n − lo/2∂/∂lo −
ro/2∂/∂ro)F = 3/2F . Using the adiabatic relations
(24,25), the pressure density P can then be related to
the energy density E as:
P = 2E + Cl
4mlo
− ro Cr
4m
, (29)
where Cξ ≡ Cξ/L (ξ = l, r).
V. TWO-BODY CHECK
It is useful to check the high-momentum distribution
and universal relations through the simple yet insightful
two-body problem. For two atoms and a dimer scattering
in a homogenous system, we can write down an ansatz
wave-function:
|ψ〉 =
(
Φd†Q +
∑
k>0
φkψ
†
Q/2+kψ
†
Q/2−k
)
|Vac〉 (30)
Here we have considered a finite total momentum Q, a
conserved quantity in this problem. By imposing the
Schrodinger equation H|ψ〉 = E|ψ〉, we can get two equa-
tions in terms of the coefficients Φ and φk, which fi-
nally result in a single equation for the binding energy
Eb ≡ E −Q2/(4m):
Eb − ν0
2g2
=
∫
dk
2pi
k2
Eb − k2/m. (31)
Given the scattering parameters defined in (8,9), the
above equation is equivalent to
1
lo
− roκ2 − κ = 0, (32)
where κ =
√−mEb. Note that Eq.32 corresponds to
the divergence of T-matrix in Eq.7 with momentum k
replaced by iκ.
Given the energy solution in Eq.32, the momentum
distribution of atoms can be obtained as:
ρ(k) =
|φk−Q/2|2θ(k −Q/2) + |φQ/2−k|2θ(Q/2− k)∑
k>0 |φk|2 + Φ2
=
8κ
1 + 2roκ
(k −Q/2)2
(k −Q/2)2 + κ2 , (33)
In the large k limit, we get
ρ(k) =
8κ
1 + 2roκ
(
1
k2
+
Q
k3
+
−2κ2 + (3/4)Q2
k4
+ o(k−5)
)
(34)
We see that this asymptotic form fits Eq.1 well. The
coefficients of all expansion terms are also checked
to be consistent with the parameters defined in
Eqs.(16,17,18,19,21), which under the two-body ansatz
read
Cl =
8κ
1 + 2roκ
; Cr = − 8κ
3
1 + 2roκ
;
CQ1 =
8κQ
1 + 2roκ
; CQ2 =
8κQ2
1 + 2roκ
. (35)
One thus sees that in the two-body system where the rel-
ative and center-of-mass motions can be fully separated,
CQ1, CQ2 are simply proportional to Q and Q
2, as al-
ready suggested by Eqs.(18,19); while Cl, Cr are solely
determined by the relative motion.
Similarly, one can verify straightforwardly the other
universal relations expressed in Eqs.(24,25,27,29), by us-
ing the binding energy solution in Eq.32 and the param-
eters in Eq.35. Take the adiabatic relations (24,25) for
instance, the left sides of (24) and (25) can be converted
to (2κ/m)∂κ/∂(1/lo) and −(2κ/m)∂κ/∂ro respectively,
while the derivatives ∂κ/∂(1/lo) and ∂κ/∂ro can be easily
extracted from Eq.32. Given all the known information
of κ, ρ(k) and Cξ from the two-body solution, one can
verify all universal relations expressed in section IV.
VI. DISCUSSION AND SUMMARY
We have shown in this work that the odd-power terms
as k−(2n+1) in the large momentum distribution ρ(k) can
originate from a particular set of non-analyticity in the
6one-body density matrix at short-distance. As a result,
these terms should be included as intrinsic components
of ρ(k). Our results would shed light on the general form
of high-momentum distribution in cold atomic systems
studied previously and in future.
The k−3 tail and the associated contact current CQ1
revealed in this work cannot show up in a homoge-
neous 1D gas of identical fermions[35]; instead, their ex-
istence requires additional conditions. Since CQ1 can
be expressed through the mean velocity of dimers v¯d ≡
(1/m)
∫
dR〈d†(R)(−i∂R)d(R)〉:
CQ1 =
4m
ro
v¯d, (36)
we list below several promising systems to support finite
CQ1 or v¯d. First, they can appear in non-equilibrium
system. For instance, a finite v¯d can be developed dy-
namically by applying an external driving force such as
the magnetic field gradient. Secondly, they can be probed
in equilibrium system with broken time-reversal symme-
try (TRS). This can be more easily realized in spin-1/2
systems, where the p-wave interaction exists between
different atomic isotopes (such as the two-species Li6
fermions[36]). The broken TRS can be induced by spin
imbalance or by spin-orbit coupling as realized in current
cold atoms experiments[37]. These systems have been
found to support finite-momentum two-body bound state
and pairing superfluidity when an attractive s-wave in-
teraction is introduced between different species[38, 39].
We cannot find any reason that a p-wave interaction can
change qualitatively the conclusion. Thirdly, they can
exist in systems where the two-body interaction relies on
the center-of-mass momentum of colliding particles[40].
In this case, the ground state of the system can host a
finite CQ1 that is purely driven by the interaction effect.
In future, it is interesting to explore more accurately the
contact effects in these systems.
In practice, CQ1 can be extracted from the leading
order of the subtracted momentum distribution ρ(k) −
ρ(−k) = 2CQ1/k3 + o(k−5)[41]. We note that the other
three parameters, Cl, Cr and CQ2, can be detected from
various other universal relations in Eqs.(24,25,27,28,29).
In summary, we have studied the high-momentum dis-
tribution and universal relations of odd-wave interacting
identical fermions in one-dimension with finite effective
range. In particular, we pointed out that the odd power
terms as k−(2n+1) should be included in order to complete
the general form of ρ(k) in the large k limit. Our results
can be straightforwardly generalized to other odd-wave
interacting 1D systems with spin degree of freedom, such
as the fermion-fermion, fermion-boson, and boson-boson
mixtures, which can be realized in view of the existent
p-wave Feshbach resonance in these systems[24–26, 42].
Acknowledgement. The work is supported
by the National Natural Science Foundation of
China (No.11374177, No. 11534014), the Na-
tional Key Research and Development Program of
China (2016YFA0300603) and the programs of Chinese
Academy of Sciences.
Appendix A: Feynman rules
We present the Feynman rules for evaluating the dia-
grams in OPE method.
(1) Two-momenta and loop integral. Each external line
is assigned with two-momenta (p0, p), with p0 the energy
and p the momentum. The two-momenta of incoming
and outgoing lines are constrained by the conservation of
total momentum and total energy. If there exists two-
momenta (p0, p) independent on the two-momenta of in-
coming and outgoing lines, they should be integrated over
using L/(2pi)2
∫
dpdp0.
(2) Propagators. Each internal line with two-momenta
(p0, p) is assigned a propagator factor i/(p0 − p2/(2m) +
i0+) for atoms and i/(p0−ν0−p2/(4m)+i0+) for dimers.
(3) Atom-dimer scattering vertex. Each scattering ver-
tex between two identical fermions and a dimer is as-
signed a factor −2ig/√L (note that the factor of 2 is
absent if the two atoms are distinguishable).
FIG. 5. (Color online). Diagrams of local operators: (a1)
ψ(R), (a2) ψ†(R); (b) one-atom local operators, such as
ψ†(R)ψ(R) and its derivatives; (c) dimer local operators, such
as d†(R)d(R) and its derivatives.
(4) Operator vertices.
Two basic local operators ψ(R) and ψ†(R) are dia-
grammatically shown in Fig.5(a1) and (a2). ψ(R) (or
ψ†(R)) is denoted by an open dot with an atom line
ending (or starting) at the dot. If ψ(R) (or ψ†(R)) is
linked to an atom line with momentum k, it will produce
eikR/
√
L (or e−ikR/
√
L).
The one-atom local operators, which annihilate an
atom and create an atom at the same site, are diagram-
matically shown in Fig.5(b). These operators include
ψ†(R)ψ(R) and its derivatives such as ψ†(R)(∂R)
mψ(R)
(m is an integer), etc.
The dimer local operators, which annihilate a dimer
and create a dimer at the same site, are diagrammatically
shown in Fig.5(c). These operators include d†(R)d(R)
and its derivatives such as d†(R)(∂R)
md(R) (m is an in-
teger), etc.
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